Suppose Pn is a regular n-gon in R 2 . An embedding f : Pn → R 3 is called an α-regular stick knot provided the image of each side of Pn under f is a line segment of length 1 and any two consecutive line segments meet at an angle of α. The main result of this paper proves the existence of α-regular stick unknots for odd n ≥ 7 with α in the range π 3 < α < n−2 n π. All knots constructed will have trivial knot type, and we will show that any non-trivial α-regular stick knot must have α < n−4 n π.
Introduction
Recently, knots have become an important part of mathematical biology and synthetic chemistry. It is believed that the knot type of cyclic molecules and DNA strands are related to the properties of the molecules. Knots of this type are much more rigid than in the general study as the bonds have fixed lengths and fixed angles. To model this type of knot, we let P n ⊂ R 2 be a regular n-gon, and define an embedding f : P n → R 3 such that the image of each side of P n under f is a line segment of length 1. If in addition, the angle between every two adjacent segments of f (P n ) is α, then we say f (P n ) is an α-regular stick knot.
Our goal is to classify all α-regular stick knots with trivial knot type by determining the (α, n) pairs for which an α-regular n-stick unknot will exist. All knots mentioned will be assumed to be trivial, and by construction, all knots constructed will also be trivial. Clearly, there are no stick knots for n = 1, 2, since the knot 1250059-1 C. Frayer & C. Schafhauser cannot close. So we assume n ≥ 3. Since every angle of P n has measure α = n−2 n π, this is an upper bound for α. Furthermore, since the angle between two segments is in the interval [0, π], 0 is a lower bound for α.
When n ≥ 4 is even, there is an α-regular stick unknot for every value of α in the range 0 < α ≤ n−2 n π. Intuitively, to construct an α-regular 2n-stick unknot, one starts with the planar regular 2n-gon and pulls up every other vertex until the desired angle is achieved (see [3, 4] ). Since any three points determine a plane, the only α-regular stick unknot for n = 3 is an equilateral triangle, which occurs when α = π 3 . For n = 5, the only α-regular stick unknot is also planar, with α = 3π 5 (see [2] ). We will show that for n ≥ 7 and odd, there is an α-regular stick unknot for every α in the range
Definitions and Preliminaries
We will show that every α-regular n-stick unknot can be built out of five types of pieces, which we will creatively call piece 1, 2, 3, 4, and 5. The first three pieces will be the "end pieces" of our stick unknot and the latter two pieces will be the "middle pieces". Our main result will be proving the existence of each piece.
Before we define the pieces, we will need a definition.
2 be the vertices of a planar, convex (k + 1)-gon such that
We call {v i } k i=0 an almost α-regular k-gon (see Fig. 1 ). Furthermore, we define 
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We define P 1 (k, α) to be this almost regular k-gon along with the isosceles trapezoid
The shaded trapezoid indicates that piece 1 is not required to be planar. Piece 2 is identical to piece 1 except we require v 0 v k+2 = f k (α) (see Fig. 2 ). Similarly, we define P 3 (k, α) ( Fig. 2 ) to be the almost α-regular
In order to construct the middle pieces (see Fig. 3 ), consider the rectangle BCDE with BC = DE = 1, and CD = EB = f k (α). We construct P 4 (k, α) by adding points A and F so that ABEF is an isosceles trapezoid with Similarly, define P 5 (k, α) by adding the points A and F so that ABEF is a rectangle with
We claim that for n ≥ 7 odd and α ∈ (
n π] we can construct α-regular n-stick unknots (see Theorem 3.1) by "gluing" these pieces together along their congruent trapezoids. We will denote this operation by #. The trapezoids which are being attached are on the top part of each piece and shaded gray. To prove the existence of each piece, we will need the following results, including the generalization of the Intermediate Value Theorem at the end of this section.
is an almost α-regular polygon, then
be an almost α-regular polygon and add edge v 0 v k to create a (k + 1)-gon. Because the sum of the interior angles is (k − 1)π and there are k − 1 angles of measure α, it follows that
The result follows by symmetry.
Proof. We will show that the equation
. Figure 4 shows the case where k = 5 and j = 3. Define
where the subscripts are taken modulo k. Similarly,
and f k (α) = f j (α) has a unique solution. When α = π, {v i } and {u i } are lines and
k π), and as f k and f j are continuous we have our result. 
Lemma 2.3. If k ≥ 1 is an integer, then
f k+2 (α) = f k (α) + 2 cos k + 1 2 (π − α) . 1250059-5 C. Frayer & C. Schafhauser2 (π − α). Therefore, f k+2 (α) = f k (α) + 2 cos( k+1 2 (π − α)).
Theorem 2.4 (Intermediate Value Theorem). Suppose X is a connected topological space and f : X → R is continuous. If there are points
The proof is a basic result from topology and is stated as an exercise in [5, Exercise 2, p. 72].
Constructing Odd Stick Unknots
In this section, we will prove the existence of pieces 1-5. We will first prove the existence for k ≥ 3 and α ∈ ( 
is an α-regular n-stick unknot. If n > 2k + 1, we write n = 2k + 2l + 1, and attach l − 1 copies of piece 5 to piece 2. Then we attach piece 4 and finally piece 3. That is,
is an α-regular n-stick unknot. Additionally, note that n < 2k + 1 corresponds to α > n−2 n π which is outside of the desired range and need not be considered.
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Alpha-Regular Stick Unknots For a specific example consider n = 7 and α = π 2 . Since 7 = (2)(3) + 1, a π 2 -regular seven stick unknot is formed by P 1 (3,
2 ) (see Fig. 6 ). We will now prove the existence of the five pieces. − α) ). In order for piece 1 to exists we need
2k+1 π, and the first inequality is true. We claim that cos( algebraic manipulations yield
Therefore cos(
2 (π − α)) > 0, and it follows from Lemma 2.2 that
Since C is connected, the Intermediate Value Theorem guarantees the existence of a v ∈ C such that Φ(v) = f k−1 (α). Thus piece 1 exists. Fig. 2 ). The argument is identical to piece 1 with the inequality
Piece 2 (see
Piece 3 (see Fig. 2 ). Proceeding in a fashion similar to piece 1, piece 3 will exist if
The first inequality follows directly from Lemma 2.2. Lemma 2.3 implies that
This is similar to the argument in piece 1. Hence piece 3 exists.
Piece 4 (see Fig. 3 ). Suppose BCDE is a rectangle with sides
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Alpha-Regular Stick Unknots As with piece 1, we define circles C and C such that for every A ∈ C and F ∈ C , ∠ABC = ∠DEF = α, and AB = EF = 1. Define a continuous function Φ : C → R by Φ(C) = AF where ABEF forms a planar isosceles trapezoid. In order for piece 4 to exist, we need to show that there is an A ∈ C such that Φ(A) = f k−1 (α). The boundary cases are shown in Fig. 8 . In order for piece 4 to exist we need
The second inequality follows immediately from Lemma 2.2. As with piece 1, the first inequality will take a little more work.
We will show that f k (α) ≤ f k−1 (α) + 2 sin(α), or equivalently,
It follows from Lemma 2.2 that f k−1 (α) > f k−2 (α). So, we only need to show that
This follows from the fact ]. In both cases, the existence of piece 5 (Fig. 3) is obvious, since it is simply two rectangles attached together.
Therefore, when k ≥ 3, P i (k, α) exists for α ∈ ( Proof. Suppose n ≥ 7 is an odd integer and α ∈ (
is an α-regular n-stick unknot. On the other hand, if n = 2k + 1 and α ∈ ( n π], then n > 2k + 1. Therefore n = 2k + 2l + 1 for some positive integer l, and
is an α-regular n-stick unknot.
Conclusion
We have constructed α-regular n-stick unknots for n ≥ 7 and odd for each α in the range Another open problem is to find (α, n) pairs for which a specified non-trivial knot type will exist. Comar et al. has shown in [3] that there is an arccos(− A few simple bounds are known for α-regular stick knots. The stick number is known for many knots, and this clearly gives a lower bound on n for α-regular stick knots of a given knot type. A result from Milnor (see [6] ) shows that for any equilateral stick knot K,
